Using this result Schmidt [7] proved that given ε > 0 there is a constant c(ε) depending on ε such that
Z(f ) ≤ c(ε)|∆(f )|
1/2+ε .
In the case of the Mordell equation (i.e. a = 0), it follows that Z(f ) ≤ c(ε)|b|

1+ε
. Moreover, Schmidt conjectured that the number of solutions x, y ∈ Z of an irreducible equation F (x, y) = 0 defining a curve of positive genus having coefficients in Z and total degree N is at most
where c(N, ε) is a constant depending on N and ε.
In this paper we improve on the estimate of Schmidt for the Mordell equations by showing that the number of integer solutions of y 
Then the number of solutions
The above theorem is a consequence of the following effective version of Shafarevich's theorem ( [5, p. 222] , [8, p. 263] 
Theorem 2. Let S be a finite set of rational primes with 2, 3 ∈ S. Denote by P (S) the product of all the primes p in S with p > 3. If S = {2, 3}, put P (S) = 1. Then the number of Q-isomorphism classes of elliptic curves over Q with good reduction outside S is < 10 11 S+26 P (S).
In [1] there is an effective proof of Shafarevich's theorem using the estimate of [3] . Our approach is completely different and has the advantage that does not use the results of [3] . The only Diophantine approximation result we use is the estimate for the number of solutions of the S-units equation x + y = 1 due to Evertse [2] .
Auxiliary results.
In this section we give some lemmas which will be useful for the proof of our results. 
where the product is taken over all the primes p ≥ 5, with
where the product is taken over all the primes p ≥ 5, with s p = 0 for p outside S. If L is a quadratic extension, then α = 0, 2 or 3, β ≤ 1 and 2 , σ 3 be the embeddings of K into the field C of complex numbers. We denote by s and 2t the number of real and complex embeddings respectively. If s = t = 1, let σ 2 , σ 3 be the complex embeddings. As usual denote complex conjugation by bars and define 
and
By [4, p. 623] , the content of the region A is
We choose so that 4 3
Putting = /2, we can take = (4/π) 
For arbitrary real numbers a, b, c we have the inequality
Hence
Thus, the inequalities for A, B, C give |∆| < 179|D|. We denote by i(ξ) the index of ξ. We have
D, whence |i(ξ)| ≤ 13. We now consider the surface given by the equation (we have used the fact that |D| ≥ 23). Since we have at most 13 choices for L, the lemma follows. 
Lemma 4. Let K be an algebraic number field and L be a Galois extension of K of degree l. Then each L-isomorphism class of elliptic curves defined over K splits into at most 6 l
K-isomorphism classes.
P r o o f. Let E and A be two elliptic curves defined over K and let α : E → A be an isomorphism over L. Then we have a map
Suppose now that B is another elliptic curve defined over K and β : E → B an L-isomorphism with F (α) = F (β). It follows that
, we have λ σ = λ for every σ ∈ Gal(L/K). So, the isomorphism λ is defined over K, whence A and B are K-isomorphic. Thus, given an L-isomorphism class C of elliptic curves defined over K, the map α → F (α) defines an injection from the set of pairwise distinct K-isomorphism classes belonging to C into the set of maps from Gal(L/K) to Aut(E). Since the cardinality of Gal(L/K) is l and that of Aut(E) is at most 6, the lemma follows.
Proof of Theorem 2. Let E : y
where A, B ∈ Z, be an elliptic curve having good reduction outside S. We denote by L the field obtained by adjoining to Q the points of order 2 of E. It is the field generated over Q by the roots of x 3 + Ax + B. We have the following cases.
1. L = Q. Then E is isomorphic over Q to an elliptic curve in Legendre form
Since E has good reduction outside S, j is a S-integer of Q. Q-isomorphism classes of elliptic curves E over Q with good reduction outside S such that the points of order 2 of E are defined over Q.
2. [L : Q] = 2. Let Σ be the set of prime ideals of L lying above the elements of S. The curve E is isomorphic over L to an elliptic curve in Legendre form
where λ ∈ L. Then we deduce as in case 1 that there are at most 3 · 7 
where the product is taken over all the primes p ≥ 5, with s p = 0 for p outside S, 0 ≤ s p ≤ 1 for p ∈ S and α ≤ 3, β ≤ 1. It follows that there exist 2 4+ S choices for L. Furthermore, Lemma 4 implies that every L-isomorphism class of elliptic curves over Q is divided into at most 36 pairwise distinct Q-isomorphism classes of elliptic curves over Q. Thus, we conclude that there are less than
Q-isomorphism classes of elliptic curves E over Q with good reduction outside S with exactly one nonzero point of order 2 defined over Q. L-isomorphism classes of elliptic curves over Q. It follows that the number of Q-isomorphism classes of elliptic curves E over Q with good reduction outside S such that their 2-torsion points generate over Q a cubic extension is
If [L : Q] = 6, we deduce that there are less than 3 · 7
18+12 S choices for the L-isomorphism class of E and Lemma 4 yields that every such class splits into 6 6 L-isomorphism classes of elliptic curves over Q. Thus, the number of Q-isomorphism classes of elliptic curves E over Q with good reduction outside S such that their 2-torsion points generates over Q an extension of degree 6 is
Summarizing our estimates, we deduce that the number of Q-isomorphism classes of elliptic curves E over Q with good reduction outside S is < 10 11 S+26 P (S). Since a ∈ Q, we obtain a = ±1. So (u, v) = (w, z). Hence, distinct solutions (u, v) of the Mordell equation correspond to distinct Q-isomorphism classes of elliptic curves with good reduction outside 2, 3 and the primes dividing k. Let ω(k) be the number of prime divisors of k and P (k) be the product of the prime divisors p of k with p > 3. If the divisors of k are among 2 and 3, we put P (k) = 1. Thus, Theorem 2 implies that the number of solutions (x, y) ∈ Z P (k).
